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• Prompt (State): user queries

• Response (Action): language model 
generation result
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Language Generation
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Bandits

Picture from 
https://multithreaded.stitchfix.com/blog/2020/08/05/bandits/

Multi-armed bandits (MABs)

• Arm space 𝒴
• Reward function 𝑟 𝑦 ∈ 0,1

Contextual bandits (CBs)

• Context (Prompt) space 𝒳
• Arm (Response) space 𝒴
• Reward function 𝑟 𝑥, 𝑦 ∈ 0,1

Results in this work can be easily 
adapted to multiple contexts, so 

focus on single-context for simplicity
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• A tabular softmax policy 𝜋𝜃  satisfies

𝜋𝜃 𝑦 =
e𝜃𝑦

σ𝑦′ e𝜃𝑦′
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Policy
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Reward-based v.s. Preference-based RL

Reward-based RL

After choosing an arm 𝑦, observe 
a sample 𝑟~𝑅(𝑦) with mean 
𝑟(𝑦)

Preference-based RL

• A preference model 
𝒫 𝑦1 ≻ 𝑦2  indicating the 
probability that 𝑦1 is preferred 
over 𝑦2

• After choosing a pair of arms 
(𝑦1, 𝑦2), observe a sample 

𝑝~Bernoulli 𝒫 𝑦1 ≻ 𝑦2
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• Sigmoid function

𝜎 𝑥 =
1

1 + e−𝑥

• Bradley-Terry (Bradley & Terry, 1952) preference model

𝒫 𝑦1 ≻ 𝑦2 = 𝜎 𝑟 𝑦1 − 𝑟 𝑦2 =
e𝑟 𝑦1

e𝑟 𝑦1 + e𝑟 𝑦2
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RL from Human Feedback (RLHF)

Core assumption of an 
underlying reward!

Christiano et al. (2017)
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• Human preference dataset 𝒟 = 𝑦𝑤
𝑖

, 𝑦𝑙
𝑖

𝑖=1

𝑁

• In the 𝑖th sample, 𝑦𝑤
𝑖

 is preferred over 𝑦𝑙
𝑖

• Step 1: Learn reward function by minimizing negative log-likelihood

ℒ𝑟 𝜙 = −
1

𝑁
෍

𝑖=1

𝑁

log 𝜎 𝑟𝜙 𝑦𝑤
𝑖

− 𝑟𝜙 𝑦𝑙
𝑖

• Step 2: Learn policy by maximizing regularized value using proximal 
policy optimization (PPO)

𝜃𝜙
⋆ = argmax

𝜃
𝔼𝑦~𝜋𝜃

[𝑟𝜙 𝑦 ] − 𝛽KL(𝜋𝜃||𝜋ref)
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RL from Human Feedback (RLHF)
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• Human preferences are non-transitive!
• Reward + BT model implies

𝒫 𝑦1 ≻ 𝑦2 >
1

2
∧ 𝒫 𝑦2 ≻ 𝑦3 >

1

2
⇒ 𝒫 𝑦1 ≻ 𝑦3 >

1

2

• Think about rock-paper-scissor game

• But still has a property
• 𝒫 𝑦1 ≻ 𝑦2 + 𝒫 𝑦2 ≻ 𝑦1 = 1
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Nash Learning from Human Feedback (NLHF)

This step may not hold!

Munos et al. (2023)
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• Two-player (𝜋, 𝜋′) constant-sum matrix game
• Value for player 1: ℙ 𝜋 ≻ 𝜋′ = σ𝑦,𝑦′ 𝜋 𝑦 𝜋′ 𝑦′ 𝒫(𝑦 ≻ 𝑦′) = 𝜋⊤𝒫𝜋′

• Value for player 2: ℙ 𝜋′ ≻ 𝜋 = σ𝑦,𝑦′ 𝜋 𝑦 𝜋′ 𝑦′ 𝒫(𝑦′ ≻ 𝑦) = 1 − 𝜋⊤𝒫𝜋′

• Focus on 𝑉 𝜋, 𝜋′ = 𝜋⊤𝒫𝜋′

• Minimax theorem: max
𝜋

min
𝜋′

𝑉(𝜋, 𝜋′) = min
𝜋′

max
𝜋

𝑉(𝜋, 𝜋′)

• Nash equilibrium (NE): 𝜋⋆ = argmax𝜋 min
𝜋′

𝑉(𝜋, 𝜋′)

• Duality gap:
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Nash Learning from Human Feedback (NLHF)

= 1 − 𝒫(𝑦 ≻ 𝑦′)
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• Regularized game

• Quantal response equilibrium (QRE)

• Denote as 𝜋𝛽
⋆

• Duality gap
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Nash Learning from Human Feedback (NLHF)
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• Regularized game

• Optimal response given 𝜃2

• 𝜃1 = 𝜃ref +
𝒫𝜋2

𝛽
+ 𝐶𝟏

• 𝜋1 ∝ 𝜋ref exp
𝒫𝜋2

𝛽

• Finding the QRE

𝜃 = 𝜃ref +
𝒫𝜋𝜃

𝛽

12

Nash Learning from Human Feedback (NLHF)
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• Convergence

• Last-iterate convergence in KL(𝜋 𝑇 | 𝜋𝛽
⋆ , DualGap 𝜋 𝑇 , and 

DualGap𝛽 𝜋 𝑇

• Averaging historical LLMs is computationally prohibitive

• Convergence rate
• Faster convergence = fewer rounds of costly human data collection

• Linear for regularized games, polynomial for original games
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NLHF: Desirable Properties
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• Convergence
• Last-iterate linear/polynomial convergence

• Robustness to noise
• Human data is inherently noisy

• Algorithm's convergence rate should ideally remain unchanged by noise, converging to a 
value influenced by noise variance
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NLHF: Desirable Properties
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• Convergence
• Last-iterate linear/polynomial convergence

• Robustness to noise

• Implementation for neural networks
• Theory often derived for tabular policies

• Avoid constrained parametrization approach

• Projection is intractable for NNs

• Avoid nested optimization:
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NLHF: Desirable Properties
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• Extragradient Preference Optimization (EGPO)
• Achieving all previous desirable properties

• A general approach to avoid nested optimization in NLHF
• Solution for each inner optimization = online IPO (Azar et al., 2023) gradient
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• Assume we use an implicit update rule

𝜃(𝑡+1) = 1 − 𝜂𝛽 𝜃(𝑡) + 𝜂𝛽 𝜃ref +
𝒫𝜋 𝑡+1

𝛽

• We have
log 𝜋(𝑡+1) − 1 − 𝜂𝛽 log 𝜋 𝑡 − 𝜂𝛽 log 𝜋𝛽

⋆ , 𝜋 𝑡+1 − 𝜋𝛽
⋆ = 0

• By definition of KL divergence
1 − 𝜂𝛽 KL 𝜋 𝑡+1 ||𝜋 𝑡 + 𝜂𝛽KL 𝜋 𝑡+1 ||𝜋𝛽

⋆ − 1 − 𝜂𝛽 KL 𝜋𝛽
⋆||𝜋 𝑡 + KL 𝜋𝛽

⋆||𝜋 𝑡+1 = 0

• So
KL 𝜋𝛽

⋆||𝜋 𝑡+1 ≤ 1 − 𝜂𝛽 KL 𝜋𝛽
⋆||𝜋 𝑡
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Extragradient Method
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• Use an extragradient step to estimate 𝜃(𝑡+1)!

• Generalizing the predictive update (PU) algo in Cen et al. (2021)

• 𝔼 𝜖 𝑖 𝜋 𝑖 = 𝟎, 𝜖𝑦
(𝑖)

~subGaussian 𝜎2  
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Extragradient Method
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• Guarantees for the regularized game
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Extragradient Method

Similar for 𝜋
𝑇+

1

2
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• Guarantee for the original game
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Extragradient Method
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Remarks on EGPO

• Compared to results in Cen et al. (2021)

• Added guarantees on KL 𝜋 𝑇 ||𝜋𝛽
⋆  and DualGap𝛽 𝜋 𝑇

• Analyzed empirical updates
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Remarks on EGPO
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• Minimizer for

ℒinner
(𝑡)

𝜃 = −𝜋𝜃
⊤ 𝒫𝜋 𝑡 + 𝛽KL(𝜋𝜃||𝜋ref)

• EGPO update rule for NNs

ቐ
𝜃(𝑡+1/2) = 𝜃(𝑡) − 𝜂𝛽argmin𝜃ℒinner

(𝑡)
𝜃

𝜃(𝑡+1) = 𝜃(𝑡) − 𝜂𝛽argmin𝜃ℒinner
(𝑡+1/2)

𝜃
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Neural Network Implementation
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• Identity preference optimization (IPO)

• Online IPO (Calandriello et al., 2024)
• When at least one of 𝜌 and 𝜇 is current policy 𝜋𝜃
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Avoiding Nested Optimization
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• IPO gradient

• Set                                                  , then

• Finally,
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Avoiding Nested Optimization
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• EGPO update rule for NNs

ቐ
𝜃(𝑡+1/2) = 𝜃(𝑡) − 𝜂𝛽argmin𝜃ℒinner

(𝑡)
𝜃

𝜃(𝑡+1) = 𝜃(𝑡) − 𝜂𝛽argmin𝜃ℒinner
(𝑡+1/2)

𝜃

• Implement as
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Avoiding Nested Optimization

Stop gradient
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• Last step towards implementable training
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Online IPO Population Loss
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• Baselines
• Online IPO 1 (Online Mirror Descent) 

• Online IPO 2

• Nash-MD
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Experiments
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• Baselines
• Nash-MD 

• Nash-MD-PG (nested optimization)
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Experiments
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Numerical Simulations
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Numerical Simulations

• Exact Neural
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• Pairwise win-rates on PKU-SafeRLHF

• Checkpoints are top-2 against 𝜋ref
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