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• Prompt (State): user queries

• Response (Action): language model 
generation result
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Language Generation
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Bandits

Picture from 
https://multithreaded.stitchfix.com/blog/2020/08/05/bandits/

Multi-armed bandits (MABs)

• Arm space 𝒴
• Reward function 𝑟 𝑦 ∈ 0,1

Contextual bandits (CBs)

• Context (Prompt) space 𝒳
• Arm (Response) space 𝒴
• Reward function 𝑟 𝑥, 𝑦 ∈ 0,1

Results in this work can be 
easily adapted to CBs, so 
we focus on MABs only
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• A tabular softmax policy 𝜋𝜃  for MABs satisfies

𝜋𝜃 𝑦 =
e𝜃𝑦

σ𝑦′ e
𝜃𝑦′
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Policy
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Reward-based v.s. Preference-based RL

=MABs in this work

Reward-based RL

After choosing an arm 𝑦, observe 
a sample 𝑟~𝑅(𝑦) with mean 
𝑟(𝑦)

Preference-based RL

• A preference model 
𝑝⋆ 𝑦1 ≻ 𝑦2  indicating the 
probability that 𝑦1 is preferred 
over 𝑦2

• After choosing a pair of arms 
(𝑦1, 𝑦2), observe a sample 

𝑝~Bernoulli 𝑝⋆ 𝑦1 ≻ 𝑦2
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• Sigmoid function

𝜎 𝑥 =
1

1 + e−𝑥

• BT preference model

𝑝⋆ 𝑦1 ≻ 𝑦2 = 𝜎 𝑟 𝑦1 − 𝑟 𝑦2 =
e𝑟 𝑦1

e𝑟 𝑦1 + e𝑟 𝑦2

7

Bradley-Terry (BT) Model
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• Human preference dataset 𝒟 = 𝑦𝑤
𝑖
, 𝑦𝑙

𝑖

𝑖=1

𝑁

• In the 𝑖th sample, 𝑦𝑤
𝑖

 is preferred over 𝑦𝑙
𝑖

• Step 1: Learn reward function by minimizing negative log-likelihood

ℒ𝑟 𝜙 = −
1

𝑁
෍

𝑖=1

𝑁

log 𝜎 𝑟𝜙 𝑦𝑤
𝑖

− 𝑟𝜙 𝑦𝑙
𝑖
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RL from Human Feedback (RLHF)
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• Step 2: Learn policy by maximizing regularized value using proximal 
policy optimization (PPO)

𝜃𝜙
⋆ = argmax

𝜃
𝔼𝑦~𝜋𝜃[𝑟𝜙 𝑦 ] − 𝛽KL(𝜋𝜃||𝜋ref)
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RL from Human Feedback (RLHF)

This step is usually slow 
and unstable
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• Under tabular softmax parametrization
𝜋𝜙
⋆ = argmax

𝜋
𝔼𝑦~𝜋[𝑟𝜙 𝑦 ] − 𝛽KL(𝜋||𝜋ref)

is equivalent to

𝜋𝜙
⋆ (𝑦) =

1

𝑍𝜙
𝜋ref 𝑦 e𝑟𝜙(𝑦)/𝛽

where 𝑍 is the normalizing factor
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Direct Preference Optimization (DPO)
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• For any 𝑦,

𝑟𝜙 𝑦 = 𝛽 log 𝑍𝜙 + log
𝜋𝜙
⋆ 𝑦

𝜋ref 𝑦

• Plug into reward loss and 𝑍𝜙 cancels out!

ℒ𝜋 𝜃 = −
1

𝑁
෍

𝑖=1

𝑁

log 𝜎 𝛽 log
𝜋𝜃 𝑦𝑤

(𝑖)

𝜋ref 𝑦𝑤
(𝑖)

− log
𝜋𝜃 𝑦𝑙

(𝑖)

𝜋ref 𝑦𝑙
(𝑖)
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Direct Preference Optimization (DPO)
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• Suppose we have two sampling policies 𝜋s1 for 𝑦1 and 𝜋s2 for 𝑦2
• Define sampling probability

• Exact DPO loss function

• Policy update
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Ideal Case: Exact DPO

Stop gradient

Sampling coefficient determined by samplers
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• Mixture of samplers

• Central to our design
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Ideal Case: Exact DPO
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• No access to exact gradients

where 𝐺𝑦
(𝑡)

 is a random variable that

• Mixture of samplers
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Practical Case: Empirical DPO
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• Recall that

𝑟 𝑦 = 𝛽 log 𝑍 + log
𝜋⋆ 𝑦

𝜋ref 𝑦

• We want to ask
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Focus of Study

=: 𝛿 𝑦, 𝑦′; 𝜃 𝑡
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• Regime 1: Uniform Sampler

• Regime 2: Known Reward

• Regime 3: Online Sampler
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Results of Exact DPO
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• Sampling coefficient 𝛼 = 2 𝒴 2

• Initialize 𝜋𝜃(0) = 𝜋ref

• Learning rate 𝜂 =
1

𝛽2 𝒴

• Upper bound

• Directly using convexity gives an O
1

𝑇
 rate
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Regime 1: Uniform Sampler

Will be used in all regimes
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• Define and recall that

• Computing the gradient gives
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Regime 1: Uniform Sampler

Holds for all regimes
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• Iteration equation for 𝛿:

• Plug in 𝜋s 𝑦, 𝑦′ = 2/ 𝒴 2 makes coefficients of Δ identical

• Use 𝜎min
′ ≤

𝜎 𝑥 −𝜎 𝑦

𝑥−𝑦
≤

1

4
 to convert Δ into 𝛿 by assuming that 
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Regime 1: Uniform Sampler

Holds for all regimes

>
1

8
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• We have that
𝛾 = max 1 − 4𝜂𝛽2𝐴𝜎min

′ , 𝜂𝛽2𝐴 − 1 + 𝜂𝛽2𝐴 1 − 4𝜎min
′

𝛿 𝑦1, 𝑦2; 𝜃
𝑡+1 ≤ 𝛾max

𝑦,𝑦′
𝛿 𝑦, 𝑦′; 𝜃(𝑡)

• Plug in 𝜂 gives 𝛾 < 1

• Go back and verify the assumption on 𝜎min
′  and further refine 𝛾
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Regime 1: Uniform Sampler
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• Sampling coefficient 𝛼1 = 𝒴 2, 𝛼2 = σ𝑦,𝑦′ exp 𝑟 𝑦 − 𝑟 𝑦′

• Upper bound
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Regime 2: Known Reward

Not practical, only for proof of idea

Quadratic convergence!
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• Taylor expansion at 𝑟 𝑦1 − 𝑟 𝑦2 :

• Recall update

• Setting 𝜋𝑠 𝑦1, 𝑦2 ∝ 1/𝜎′ 𝑟 𝑦1 − 𝑟 𝑦2  gives
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Regime 2: Known Reward
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• The choice of 𝜂 eliminates the linear term:

• Bounding 𝜎′′ ≤
1

6 3
< 0.097 and 𝜎′ ≥ 𝜎′ 1 > 0.196 gives

𝛿 𝑦, 𝑦′; 𝜃 𝑡+1 < 0.5max
𝑎,𝑎′

𝛿 𝑎, 𝑎′; 𝜃 𝑡 2
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Regime 2: Known Reward
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• ② equivalent to 𝜋s1 ∝ exp 𝛽 𝜃 − 𝜃ref , 𝜋s2 ∝ exp 𝛽 𝜃ref − 𝜃

• Sampling coefficient 𝛼1 = 𝒴 2, 𝛼2 = σ𝑦,𝑦′
𝜋 𝑦 𝜋ref 𝑦

′

𝜋ref 𝑦 𝜋 𝑦′

𝛽

• Upper bound
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Regime 3: Online Sampler

Quadratic convergence!

Current policy
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• Taylor expansion at 𝛽 log
𝜋 𝑦 𝜋ref 𝑦

′

𝜋ref 𝑦 𝜋 𝑦′

• Like Regime 1, assume 𝜎′ 𝛽 𝜃𝑎 − 𝜃𝑎′ ≥ 𝜎min
′  and verify in the end
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Regime 3: Online Sampler
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• (For Regime 2) Same equation:

• When operating under expectation:

• 𝔼 𝛿 ; 𝜃 𝑡+1  needs 𝔼 𝛿 ; 𝜃 𝑡 2

• 𝔼 𝛿 ; 𝜃 𝑡 2
 needs 𝔼 𝛿 ; 𝜃 𝑡−1 4

• …

• 𝔼 𝛿 ; 𝜃(𝑇)  needs 𝔼 𝛿 ; 𝜃 𝑡 𝑛
 for any 𝑡, 𝑛 such that 2𝑡 ⋅ 𝑛 ≤ 2𝑇
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Empirical DPO
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• With some manipulation, we have 

• Take 𝑇 = log 1/𝜎, then with sufficiently small 𝜎 and any 2𝑡 ⋅ 𝑛 ≤ 2𝑇,

• This implies
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Bounding Moments

Noise
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• 𝜎′ 𝛽 𝜃𝑎 − 𝜃𝑎′  hard to bound under estimation scheme

• If we use Taylor expansion at any point 𝑧(𝑎, 𝑎′):

• Set 𝜋𝑠 𝑦1, 𝑦2 ∝ 1/𝜎′ 𝑧(𝑦1, 𝑦2) , try to make
• 𝜎′ 𝑧 𝑦1, 𝑦2  bounded

•                                                                                 not far from 𝛿2
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Regime 3?
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• Take 𝑧 𝑦1, 𝑦2 = clip 𝛽 𝜃𝑦1 − 𝜃𝑦2 , −1,1

• Algorithm changes accordingly with a rejection sampling step

• Proof reduces to Regime 2, results are the same

• Can be applied to the exact gradient case for a faster convergence
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Regime 3?
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Numerical Simulations
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Safe-RLHF
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Iterative-Prompt
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